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MOTIVATION

* Why do we study conformal field theories (CFT)<¢
-AdS/CFT correspondence and superstring theory



INTRODUCTION



BASIC ALGEBRA

What is a group?

What is a vector spacee
Whatis a Lie group®e
What is a Lie algebra?
‘What is a representatione
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GROUPS

A group (G,o) is a set G equipped with a binary operation o : G — G that
satisfy three properties:

. Associativity: fo(goh) = I| fog)oh

7 Identit y: de € (¢ such that goe=ecog =4y

3. Inverse: Vg € &, J¢ ;_1 such that g o« ;_1

E.g. (R.+) and (U(1).-)

* A Lie group is a group that is also a differentiable manifold, such
that its group operation and inverse operation are smooth.
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VECTOR SPACE

A real vector space is a set V' equipped with a commutative binary operation
(usually called addition) + : V' x V — V that makes (V. 4) into an abelian
egroup, and a scalar multiplication - : R x V' — V' that satisfies the following
properties Va,b € R and Vo, u € V:
1. I:H + "i"|' v=a-v+b-v
(- 1: +u)=a-v+a-u
a-(b-v)=(ab)- v

l-v=w

E.g. (R",+,-) and (C", +,-)
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REPRESENTATIONS

« Homomorphisms are structure preserving maps.
0 G — G

p(gh) = p(g)p(h)
f

L 1|' j — ¢

* Let A be some algebraic structure (group, algebra, etc).
Then a representation of A is a homomorphism p: A 2 GI(V),
where V is some vector space. Gl(V) Is the group of
Isomorphism from V to itself.
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LIE ALGEBRA (#8572427)

A real Lie algebra is a real vector space V' with a binary operation (called a
Lie bracket) [-.-] : V x V — V that satisfy three properties Vu,v,w € V and

L [u,v] = —[v, u]

2. [*'” T U, H'} = f'[u. u.'] + [: u*]

3. [”- [’ “"H — [[”- "] ”‘] + [r'_ [u. :.:.'H

The third condition is called the Jacobi identity. [t means that
the Lie bracket makes the Lie algebra intfo a representation of
itself.
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EXAMPLES OF LIE ALGEBRA

The commutator |a,b] := ab — ba together with M,,.,(R) or any matrix

ring

The Poisson bracket in classical mechanics with the ring of all smooth

[ : oo fM 27y o o b N 27
functions C'*°(R“") on a phase space R="

The commutator and the tangent vectors at the identity element of any

Lie groups




LIE ALGEBRA OF A LIE GROUP

» Tangent vectors X at the identity element e of a Lie group &
« Related to the Lie group by the exponential map.

e = (1),

Where ¢:1 - G is the unique curve satisfying
p(0)=eand ¢’'(0) =X




LIE SUPERALGEBRA

A real Lie superalgebra is a Zs-graded real associative algebra A = Ay & A,
with a graded derivation (called the superbracket) [-,-} : A x A — A satisfying
the properties:

1. If a; € A; and a; € A; for some i,j € {0,1}, then a;a; € A+ iymod2
2. If ag € Ay, then agh = bagVh e A

3. If ay.b1 € Ay, then a1by = —brayq

4. [a, b} = —(—1)lalll[h o}, where |z| =0 if x € Ag and |z| =1 if € A;
5. (=1)lellela, [b, e}} + (=1)PHelb, [e.a}} + (=1)P11l]e, [a.0}} = 0

* Fact: The even part of a Lie superalgebra forms an ordinary
Lie algebra.
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CLIFFORD ALGEBRA

A standard real Clifford algebra %; ; is a unital associative real algebra freely
generated by the set V' = {eg,eq, ..., 6,041} such that
0if i #

eie;+e;e; =21 Vi,je{l,...,n},where n;; =< —-1if0<i=j<

Hf:?l'l{j{:!? rf’Jf g — Span { 1.¢ 0y +e9 Cgt—1+ENEL, -+,




CLIFFORD ALGEBRA

« Why do we care¢ Because it is a representation of the
Lorentz group

* [t IS O superalgebra
« Example: Pauli matrices (a basis for su(2))

.0 1 0\ _ ! 0 1 - 0 —i Y 1T 0°
o = (| _ L0 = ], 0 = .o =1 .
( U l) (\1 L) ) (s 0 ) ( 0 — l)

In higher dimension, we have sigma matrices (will be shown
later) that are built from Pauli matrices.



Taken from
's “Clifford Algebra in
Physics”


https://arxiv.org/search/hep-th?searchtype=author&query=de+Traubenberg,+M+R
https://arxiv.org/search/hep-th?searchtype=author&query=de+Traubenberg,+M+R

— POINCARE GROUP

« Lorentz group: Homogeneous part of the Poincarée group.

« Poincaré group: Isometry group of Minkowski spacetime, i.e.
iInfinitesimal automorphisms (symmetries) that keep the metric
tensor invariant.

* In our 4D spacetime, its identity component is 5(4)/2=10
dimensional (as a manifold). ISO(1.d—1)=R%x O(1,d — 1)

iso(R" 1) =R*@s0(1,d — 1)
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CONFORMAL GROUP

* Angle-preserving fransformations, an extension
of the Poincaré group

« Conformal algebra (group )isomorphic to SO algebra
(group)

« Conf(1,d-1) ~SO(2,d)~AdS(d+1), the d+1 Lorentzian Anti-de-
Sitter space embedded as a surface in the d+2 D
spacetime.

conf(l.d — 1) ~ s0(2, d)




SUPERSYMMETRY

« Coleman-Mandula Theorem: Symmetry group of a 4D QFT
can only have Poincaré group and internal
symmetries.

« Hoag-Lopuszanski-Sohnius Theorem: We can have
anficommuting symmetries too!

e Transformation between bosons and fermions

Adinkra, taken from Gates et al, *Adinkra Height Yielding Matrix Numbers: Eigenvalue
Equivalence Classes for Minimal Four-Color Adinkras”



o T
F (SUPERMANIFOLDS)

The ordinary Minkowski spcetime can be recovered by

RL4—1 ~ g0 1,._IE:'-*1J' li so(l.d —1)

We can imagine a Minkowski supespace defined as
above but replace the Poincaré algebra by Super-
Poincaré algebra, which is a superalgebra that contains
the Poincaré algebra as its even part.

The topology of supermanitolds is weird, e.qg.
not Hausdorff, and integration=differentiation



GRASSMANN NUMBERS

* Objects that anticommute:
HLH] — _ngi

 Mathematically, the Grassmann algebra generated by @
complex vector space V is

where A jI "=V AV and n := dim C H i :'

* On a super-Minkowski space, we have ordinary (bosonic)
spacetime coordinates x* and anticommuting (fermionic)
coordinates 6%



SUPERCONFORMAL VECTOR FIELDS



WHAT DO WE WANT?

1. A representation of some superalgebra that
Acts as infinitfesimal automorphism on super-
Minkowski space, I.e. vector field
representafions, that is

2. Andex’rension of the super- Poincaré algebra,
an

3. When ifs even (b.osonilc\:/e. part’s action is
restricted on ordinary Minkowski space, It

reduces to the ordinary conformal algebra
so(2,d)



Po = 0a
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Generated by translation, Lorentz rotation, and
supercharge Q



Map = =520y + 5260, — 1 0. (0ab) g O,

X

1 o
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Dilation, tfranslation, Lorentz transformation, special
conformal fransformation



CONFORMAL ALGEBRA

P
— K,
F :;

—alb ] {::'.'-

Ie a M bld — Id la M blc
—41 L;‘:.E:* — 21 Jab D

This is true for all dimension >2 | The indices may come
from any range.



FERMIONIC VECTOR FIELDS

Q supercharge: the “square-root” of the translation P

()% — “‘.u o _;{}mH IJThII ﬂ"‘*h

u..rt

S supercharge: the “square-root” of the special
conformal transformation K |
Sg = —Qac((0")Vay + 0% - 07)05 + 2070205 + Siwyy (o). 04

L

]' - ) J‘ H
+ S, -ri——m ) st 9° O
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where the R-symmetry invariant tensor satisfies 24,2 = 9

) .- e Oy Na ,_‘ﬂ
If ) } — ;‘l' ) j__} — —H_;.H( ! + 210 Ih:‘llr{._.}__.

_'l-"l'j:

R- symmetry bosonic vector fields: U%P
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In 10D we have Majorana-Weyl spinors, hence the
sigma matrices are 16 times 16 real matrices.



FIERZ IDENTITIES
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RESULTS

Proposition 1. The generalized expression of S* satisfying

_ 1
5%, D] = —=5°.

P, 5 = (0)°°Q;

is given by

S —1(04)PQp + k10°0 - ) + ka(0) g (Tape) 0P D5+

ks ( o ) By (Obe ) 5& 0°0° Oa + k4 (Obed ) By ( bt ) ﬁﬂﬁé L O

Proposition 2. Suppose that |K,, D] = —K,, then

Ko = 2°0, — 2747 - 0 + 1740 - O + 22”0 (0a) O + c30°0°07 (0))ap(0a), 05 + cab*0°07 (0ape))ap ()., 205

+ e5 200 (0 abc)a,sac + et 07070° 3))ap (O th—ﬁfih + 0P80 (o a[2])aB(0 [Q]qu-ﬁfjb (5.27)

where ¢q, ...,c7 € C.




Lemma 4.5 (Siew).

00°0" (00gz).

80707 (oy g]]uﬂ

060°676° (o 1]];@[(’?
00 070° (02 (0

Corollary 4.5.1. We can shorten the results of Proposition 1 and Proposition 2 to

S* = £(0.) Qs + k16076 - 0 + ko(0°) g (0 ape) 0707 O
K, =20, —2z,x -0+ cix 0 -0+ cor’h® (Tap).l 04 + {:‘;;,.i.r.'br’:‘“!ﬁ*j{f:rmb“}n 20...




Theorem 4.1. Let Q, = 0, +ki(0%)ash’0, and K, = 1°0, — 2x,x- 0+ c1x.0 - O+ cax®0%(00y) P05+
caxpf°0° (0,%) 030, for some constants ki, ¢y, ca, c3 such that ky # 0. Then Yk € C\ {0} : [Qa, K] #

L
'EI‘ { Tg |' afd

* Now relax the conditions...Only require S o be a “square-
root” of K.

Lemma 5.1. Suppose S® is a fermionic vector field with units of \/x. Then,

S = b10%z - O + byz,(0™) 3 070y + b0 - O + byt°07 (o 3] )ay(o3))” 05 + by (0,)* O3

for some constants by, ba, by, by, by € R.




NON-EXISTENCE OF S SUPERCHARGE

[l ’ ' | 7 f - i 4 g a7y i i i R I-I £ ik % _.il )
Theorem 5.1. Suppose there is a bosonic vector field K, = 0, -2z, x-04+cix.0-0+cox0% (o) Pat
.E a.'l of Ll L iLi ] | = i, [ & K W,

i
. Iy B N . _mm , ey 18 ¢ oy el T v A o
caxpt0° (0, )agde for some c1,c0,c3 € R, Then, {5, 57} # k(o) K, Yke R\ {0}.

This result Is expected : According to Shnider’s "The

Superconformal Algebra in Higher Dimensions”, superconformal
algebras do not exist in even dimensions d>6.

This is the first constructive proof that shows exactly why it does
not exist in 10D.
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FUTURE RESEARCH DIRECTION

» Extend the analysis to 10+1D, where superconformal
algebra is not forbidden by the no-go theorem
mentioned before

* At the same time, another on-going project: Using
Breitenlohner’'s method to investigate supergravity.
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