Extending Superconformal Vector Fields on 6D
Super-Minkowski Spacetime to 10D

Siew Rui Xian

September 21, 2019

Abstract

The superconformal algebra’s vector field representation of a N' = (2, 0) superconformal theory
in 6D found by Pdr Arvidsson is reviewed and extended to 10D. It is shown that superconformal
vector fields do not exist in 10D.

1 Introduction

The conformal field theories (CFT) are intensively studied nowadays because of their relation
to string theories. For instance, in quantum gravity, there is a famous conjecture (AdS/CFT
correspondence) that gravity theories in AdS spacetime can be understood by studying CFT on its
boundary which looks like Minkowski spacetime. String theories also include supersymmetry, hence
people like to study superconformal theories.

Superconformal vector fields are representations of some Lie superalgebra A = Ay® A; consisting
of infinitesimal automorphisms on a super-Minkowski space that

1. extend the super-Poincaré algebra and

2. when their actions are restricted to ordinary Minkowski space, they reduce to the conformal
algebra.

The Lie superbracket of the Lie superalgebra is written as [-,-} : A x A — A such that [A, Ay} :=
[A, Ao] and [Al,Al} = {Al,Al}.

In this paper we discuss some results of a 6D superconformal theory before going into our
discoveries about 10D superconformal algebra.

2 Conventions
2.1 Index notations

Latin letters in superscript or subscript on the ¢® matrices or space-time coordinates = denote
the Lorentz space-time indices. In 6D, the Latin letters attached to fermionic coordinates 6 and
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their partial derivatives 0< are the so(5) R-symmetry indices. Greek letters denote the Lorentz
spinor indices. Parentheses () and square brackets | | on superscript or subscript indices denote
normalized symmetrization and anti-symmetrization over the indices concerned, respectively. For
instance,

1 1
A[aBb] = §(AaBb — AbBa>7 B(bCC) = §(Bch + BCC(,> (21)

The bracket over the indices should not be confused with the commutator bracket, which is not
normalized:

[A,B] .= AB — BA (2.2)

The Einstein summation convention was used. For instance, if a € {0,...,9}, then
9
A*Byy =Y A"By, (2.3)
a=0

2.2 6D Dirac matrices

Pauli matrices: ¢° = L0 ol = 01 , 0% = O ! , 0% = L0 .
01 1 0 1 0 0 -1

6D sigma matrices:

w

[\
/N /N /N /N /N
©O© oo ~J O Ot
~— — N N N

(0%)*8 are defined by the Clifford algebra relation:
(0)as (@) + (0")ag (@) = 29™8, (2.10)

where the Minkowski space-time metric is taken as 1y, = Diagonal Matriz(—1,1,1,1,1,1).
Relevant composite matrices:

(O_ab)a'y —

[(0%)as(0")™ = (0")as(0®)] = (o%0™) (2.11)

N —

2.3 10D Dirac matrices

We follow the convention used by Gates, Hu, Jiang, and Mak (2019):

(0%ap =" ®5° ®5° ®6°, (2.12)
(e =0"®6*®5%®3%, (2.13)
(0%)ap =" @5 ®5° @5, (2.14)
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(0Y)ap=0*®5*®5"®5", (2.15)
(Yap=0"®5' ®5>®5°, (2.16)
(0N ap =02 R5° ®5*®5, (2.17)
(0D =" ®5° ®5' @52 (2.18)
(0Nap =505 ®5° @57, (2.19)
(Mg =" 25" ®5°®5%, (2.20)
(0Nep =" 25°®5° ® 5" (2.21)
Composite matrices:

(0™)g =(a"a"),7, (2.22)
(Uabc)ow ::(ch a6<‘7a>6v + 277a[b(‘76]>a% (2.23)
(Uabcd)a'y :(Ua)aﬁ(abcd)/ﬁw o Bna[b<0cd])afy7 (2'24)

(0™ oy :=(0"%) 2 (0%) gy + 40" (010 (2.25)
(2.26)

By the above definitions, we find that the matrices with two lower spinor indices can be classified
into

abede) o — (grabede) s

op = —(07)sa

The matrices with one lower and one upper spinor indices are spanned by the following basis:
6.5, (o 5, (e P

Symmetric matrices: (0%)as = (0%)ga, (0

Anti-symmetric matrices: (o)

3 6D N = (2, 0) superconformal algebra generators

We assume a Minkowski superspace which extends the 6D Minkowski space-time. It has ordinary
5+1 space-time coordinates x% that commutes with other coordinates (z0% = §*x%, z%2® = xbz?),
and fermionic coordinates that anti-commutes with fermionic coordinates (§%0° = —6°0%). To-
gether, these coordinates form a real vector space. The range of Lorentz space-time indices is
a=1(0,1,2,3,4,5), and the range of Lorentz spinor indices is o = (1,2, 3,4).

Arvidsson (2006) gave the vector field representations of the conformal subalgebra’s bosonic
generators in a 6D N = (2,0) superconformal theory:

Pog = Oap (3.1)
1
D = 170, + 5020, (3.2)
1 1
M, = 20700y — 50,707°055 + 0007 — 70,0070 (3.3)
K = — 427278, 5 — 0900, 07021030, 5 + 261 (22717 — 109000 (3.4)

where Q% is the antisymmetric invariant tensor for R-symmetry transformation, and the partial
derivatives are defined by 9,527 = 5[;66‘15 and 0°0° = 6°.0,°. The spacetime coordinates are
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antisymmetric with respect to the Lorentz spinor indices: 2*# = —z*. Using the Dirac matrices
in 6D, we can decompose the expressions above into

28 — _%(Ua)aﬁxa (3.5)
Pas = %wa)aﬁp (36)

= 20, + 450 (3.7)
M) = %(U“b)aBMab (3.8)
Ko — _%(UGWKG (3.9)

where P,, M,,, D, K, are the generators of spacetime translations, Lorentz transformations, dilation,
and the special conformal transformations, respectively. Hence, we get

Pa - aa (310)
My = — 22,0, + 8—10( )505, (3.11)
ab — 2$a b 2]71) a 4 c \Oab .

1
K, =220, — 22,2 - 0 + Z(aa)ﬁaea 070" - 0°(0) 150y — w40 - O
— 202 (o) 05 + 1(04) pad20” - 6705 (3.12)

The dot products are defined by = - 9 := 20,, 6 - 9 := 020°, and 6% - 6% := HO‘Q‘“’H’B The four

ca?

generators satisfy the conformal algebra relatlons (only the non-commuting ones are shown below):

[Pa, M| = na[bP (3.13)
[Ka, D] = (3.14)
[P Mz& (3.15)

(Ko, Mye] = —1app K (3.16)

[Map, Mea] = NefaMyja — Naja M) (3.17)
[P, Kb = —4Map — 210D (3.18)

The fermionic generators of the superconformal algebra are the supercharge ()¢ and the special

supersymmetry generator S¢, expressed as

1
Qo = 0 — 56, (0")ar O (3.19)
1 1 1
S¢ = —=Qac((0%) 7y +i0% - 67)05 + 21676505 + meeg(adb)fad + i -0~ §(ad)750395 - 0°0,
(3.20)

These two generators have similar properties: Q¢ and SO are the "square-roots” of P, and K,
respectively. To be precise, they satisfy the following defining properties:

{82, 80} = —2iQu K°° (3.21)
{an Q%} - _QiQabPaﬂ (322)
where the R-symmetry invariant tensor satisfies 4, = §,°.
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4 10D superconformal algebra generators

Notice that in 10D we can define Majorana-Weyl spinors with 16 real components, and in the

6D theory the spinors also have 16 degrees of freedom because there are 4 Lorentz spinor indices
and 4 R-symmetry indices. Hence, it is natural to ask the following question: can we extend this
vector field representation of 6D superconformal algebra to 10D?
First, we could try the most straightforward step: simply replace the 4 x 4 ¢ matrices (defined in
Section 2.2) appearing in the 6D bosonic generators by the 16 x 16 ¢ matrices (defined in Section
2.3). Next, remove the R-symmetry indices and make the following change: 6% - 67 — 0“0%. These
new expressions are

P, =0, (4.1)
My = 2,0y + + 8—195( )50 (4.2)
ab — Qxa b 2371; a 4 Oab B Ya .

1
D:x-8+§9-8 (4.3)
K, =2%0, — 2x,0 - 0 — 1,0 - 0 — beQ(UQb)J&Y (4.4)

It is verified that commutation relations shown in the previous section are still satisfied by these
new vector fields. One should know that the expressions of these vector fields are subject to change
if they are incompatible with the fermionic generators, i.e. if their commutators do not result in
some fixed forms. This issue will be discussed in detail in the next section.

These are probably not all of the bosonic generators in a superconformal algebra in 10D (if such
superalgebra exists). There could be more vector fields arising from the commutation relations
when we consider the fermionic generators, just like the U% generator in the 6D theory that comes
from

{Q2, 8P} =6, (0% D — 40, U) + 2i6% M, P (4.5)

However, before we look for more bosonic generators, we should look for the two essential fermionic
generators in 10D: @), and S®. First, consider the supercharge @),. It is require to satisfy

{Qom QB} - _(Ua)aﬁpa (46)
1
[QOC?D] = 5@04' (47)
Thus, its vector field expression can be easily derived:
1
Qo = 0o — 5(0“)a5958a. (4.8)

Just as the supercharge @), is the "square-root” of the translation P,, the special supersymmetry
generator S® is the ”square-root” of the special conformal generator K,, and it should satisfy (as
suggested by the work of Arvidsson(Arvidsson, 2006))

{5%, 8%} = (0")*" K, (4.9)
[P., S%] = (0") Q4 (4.10)
5%, D] = —%sa. (4.11)

5



Furthermore, it should satisfy some compatibility conditions with Kj:

[Qa Ka] = k(00)asS”

(4.12)

for some k € C. It appeared that the construction of S* and K, form a loop: for each definition of

S there is a corresponding set of equations that characterize the compatibility condition between

these two generators. In the next section, the general forms of K, and S* that satisfy some of these

conditions are derived.

5 Constraints on the form of K, and S¢

We start by listing some (but not all) of the commutation relations that we want K, and S® to

satisfy:
(5%, D] =~ 55"
[Pa, §°] = (0°)*7 Qs
[Km D} =—K,

Next, consider two lemmas.

Lemma 1. Suppose [0 - --0°"0,, D] = —30* ---0°"9,, then n = 3

Proof.

(01 ... 6°n9,, D] = [0 - - - 6" Dy, 2 - D + %0 - 0|

1
= 0% - 07(Du2")0y — 56"0,(6% - 6°)0,

92—

2
1

= 20 .09,
2

N )

== n=3

Lemma 2. Suppose [0 - --0° 0y, D] = =101 --- 0°"0,, then n = 2

Proof.

[9041 . eanaa’ D] _ [9061 .. eanaa’ %9 . a]

1
2
_1—n
2
1
= ——f*...0%Q,
2

61 ---6° 0,

— n=2

(67670 (0,610, — 00,67 --6°)0,)

(5.1)



Proposition 1. The generalized expression of S satisfying
(5%, D] = —%S“, (5.14)
[Pa, §°] = (0°)* Qg (5.15)
s given by

S =2%(04)*’Qp + k10%0 - O + ka(0°") 5y (Tabe) *°0°07 05+
k3 (0%) 5y (0e) 50°0°07 0 4 kia(Opea) g, (0™ 20°0° 070, (5.16)

Proof. Simple calculation shows that
[P, 2°(00)* Q5] = (02)" Q. (5.17)
Then we have
[P, S* — 2%(03)*Qg] = 0, (5.18)

which means that except the first term, S¢ is independent of 2z°. These terms must obey the
constraints given lemma 1 and lemma 2, and the coefficients can contain o matrices.

Firstly consider 0, terms. Notice that we only have one free index . By Lemma 2, there are
two Grassmann coordinates. If the index is on a Grassmann coordinate, then the expression should
be 6% X ;95 0,. The only basis with no spacetime index in 10D is identity matrix, so X 57 =9 57, and
the term is 6?0 - 0. If all indices of Grassmann are dummy, then the terms should be X /3359/39785.
Since X must be antisymmetric on two lower spinor indices and have no free spacetime index, we
can easily decompose it into X = (0%) g, (Tape) ™.

Next, consider 9, terms. If the free spinor index is on a 6, then it should be (X%)z,0%0°070,.
Since we don’t have an object with only two antisymmetric spinor indices and one free spacetime

index, the free spinor index can’t be on . Thus the terms must be (X*), #6°6°670,. The de-

abcd)

composition of X is obviously (X®)s, 8 = ¢1(0%)gy(0e)s* + 2(0bea) gy (0%?)s*. The proof is done.

ol

Now consider the constraints on the vector field expression of K,.

Lemma 3. Suppose that

[z 20 ...0°"0,, D] = —x™ . 20" ...0°"0,, n,m N (5.19)
then (n,m) € {(0,4),(1,2),(2,0)}.
Proof.

1
.20 .00, x -0+ =0 - 0] = 2™ .20 .09 (02" )0y — "0 (™ ..2" )07 ...09 0,
a a 604 904 a a 29 a a a 904 604 a b a ba a a 904 901 a

— %xal..xaneﬁaﬁ(eal...eam)aa (5.20)
=(1-n- %)(xal..xaneal...eamaa) (5.21)
1—n—%:—1 — o+ m=4 (5.22)
Since n, m are natural numbers, the desired result follows. E(I
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Lemma 4. Suppose that

[z .20 . 0% 0, D] = —x™ .20 ...0°" 0, n,m €N (5.23)
then (n,m) € {(0,3),(1,1)}.
Proof.

[z a0 . 0% D, x - O + %0 0] = %x“l..m“”&al..ﬂam(agm)& — 2P0y (x™ 2" ...0% O

1
- 51;01..xaneﬂaﬂ(eal...eam)aﬁ (5.24)
1
= <§ —n— %) (™. x40 .09 D,) (5.25)
1
2 2
Since n, m are natural numbers, the desired result follows. Qfl

Proposition 2. Suppose that [K,, D] = —K,, then

K, = 220, — 2x,x - O + 1240 - O + CQZL‘bea(O'ab>aﬂaﬁ + 0396“9507(0[3})%(0,1[3})7‘5@5 + 0490‘969”’(0,1[2])a5(0[21)7585

+ e520°0° (0,7) 050, + c60°0°070° (013)) ap ()1504 + c20°0°070° (0 ap3)) s (2*)50s (5.27)

a

where ¢y, ...,c7 € C.

Proof. We begin by acknowledging the fact that the action of D acts linearly on the summands in
K,. The first two terms of K, are fixed by the requirement that K, becomes the ordinary special
conformal generator in ordinary spacetime, and they correspond to the (n,m) = (2,0) terms in
Lemma 3. These two terms will not be discussed below.

Consider the terms with spacetime derivatives d., and let n be the order of spacetime coordi-
nates and m be the order of Grassmann coordinates. By Lemma 3, we have (n,m) = (1,2) or
(n,m) = (0,4). If (n,m) = (1,2), then the term must contain exactly one o matrix with two lower
antisymmetric spinor indices, which can only be (¢¥),5. The free spacetime index a can be on
the partial derivative, spacetime coordinate, or the o matrix. In this case, it can only be in the o
matrix for a nontrivial expression. Thus we have the ¢5 term. If (n,m) = (0,4), then we must have
two o matrices with antisymmetric lower spinor indices:(o?),5 and (op),s. If the free spacetime
index is on the partial derivative, then we get the cg term. Otherwise, we get the c; term.

Now consider the terms with fermionic derivatives ds. By Lemma 4, we have (n,m) = (0,3) or
(n,m) = (1,1). If (n,m) = (1,1), then the spacetime free index is either on the single spacetime
coordinate or on a single (04),. They give the ¢; and ¢, terms. If (n,m) = (0,3), then the free
spacetime index must lie in a ¢ matrix. This matrix has either two lower spinor indices or one
lower and one upper spinor index. If it has two lower spinor indices, it must be (04[)ag, and the
two dummy indices will appear again on (0[2})7‘5. Thus we obtain the ¢, term. If the free spacetime
index lies in a o matrix with a lower and an upper spinor index, then it could be (043),’ or (gapz). -

However, if it were (Uab)f, then the term must also contain a factor of (¢°),s3, which would vanish
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due to its contraction with #*0%67 that is antisymmetric with respect to /3 indices. Hence, our

only remaining choice gives (o).’

the possible cases.

Lemma 5.

with (o)., resulting in the c3 term. We have exhausted all

ol

0°0°0" (04p3)), (01) 5 = 0 (5.28)
00°0" (042 )ap(0),” = 0 (5.29)
0°0°0760° (013 ) ap(0),5 = 0 (5.30)
6°0°076° (0ufe) s (02°) 5 = 0 (5.31)

Proof. The results follow from the equations (A.3),(A.8),(A.9), and (A.12) in the Appendix. The

detailed derivation is left as an exercise for the readers.

Corollary 5.1.

S = x“(oa)a'BQg + k1090 - 0 + kz(oabC)m(o—abc)a‘seﬁmag
K, = 220, — 2x,x - O + c1x,0 - O + cza:bHO‘(aab)f@ﬁ + 63:1:1,9“96(0(11’6)&560.

Proof. The result is a trivial consequence of Lemma 5.

ol

We can shorten the results of Proposition 1 and Proposition 2 to

ol

After the expressions of K, and S are simplified, we try to verify the remaining compatibility

condition mentioned at the beginning of this section.

6 Non-existence of S¢

The readers should convince themselves of the following numerical fact:

da,b € {0, ...,

9} : (0c)aps(0™)ss) # 0 (6.1)

This implies 0°070°(0¢)a5(0ape)-s # 0. Then, we are prepared to present the following result.

Theorem 1. Suppose K, and S are given by the expressions in Corollary 5.1. Then Vk € C :

[QmKa] # k<0a)a655'

Proof. Suppose, to the contrary, that 3k € C: [Qq, K,

(Qa, Kal.

1
[8a — 5(0

1 C
§(U )0505867
(00 — %(ac)aﬁﬁﬁ(‘ﬂc, x40 - 0|

1
5o

[aa -

(00 — =(0)030” 0., 2 07 (o)., 205] =

0)059586,x28a] =

—2x,x - 0] =

o) = k(04)apS?. Next, calculate the terms in

_<O_C)Oé,306xcaa (62)
(UQ)QBQ'BZ’ -0+ (O'c)aﬁe'gl‘aac (63)
= 2,0, — %(Ja)a/ge’% -0+ %xaﬁﬁ(ac)a[g@c (6.4)

_ i@ﬁm

64

1 1 1
(aab)faﬁ — §$b(9'3(0abc)agac — El'beﬁ((fb)agaa -+ §9ﬁ(0a)a5$ . 8
CARNG (6.5)

9

1
Ph 205 + 6—4969”(0[3])67(%[3])535



1 1
0n = 5(0%) 03000, 2070 (3,5)1504) = 20°0° (07,1 )50 — 507076 (0") (75" 66) |

Summing them up, we obtain

[Qa, Ko) = [c1246,7 + 22" (o) ] 95 — 503969795( 0)a (0 )50
+6° Kl + %cg) (—2%(04) a0, + 2°(0a)ap) + (1 + %cl) Ta(0%)ap + (2(:3 — %@) xb(aa;)aﬁ} e
00 [—gcuo—a)aw + 2020, (o) - 6—54@(0@[2])57(0—[21)3] . (6.7)
On the other hand, we have
k(04)apS” =k(04)as [2°(00)77Q. + kleﬁe 0 + ko (o), (073)) 7207605 (6.8)
=k [£(0)? + 706,7) 95— 5k [1(0000 )5 + 7a(0%)as] 67
+ k60767 [k1(04)apd,) +k2(0[3 )8+(0a03)’] O (6.9)
b [2*(0w) 2 + €a0,7] 05 — %k [£2(0° o — 2°(00)ag8," + 2°(0a)as + Ta(0)as] 870,
+k0°07 [k1(04)apd,” + k(0™ gy (Gars))o) + 3ka(0a) 5y (0).] O (6.10)

Consider the first two terms in [Qq, K,] and k(0,)asS?. Notice that §,° and (04),0 are linearly
independent. Hence k = ¢; = ¢o. Next, notice that there is no term with three 0’s in k:(aa)agSﬁ ,
and recall that (0,°)js5(0")ga # 0. Thus, we conclude that c; = 0. Now consider and compare
the coeflicients of 0.. Notice that (0,,)ss and (0¢).s are linearly independent. Thus, we obtain

2¢c3 — %cz = —%k‘ and 1 + %cl = —%k‘. Since ¢c3 = 0 and ¢; = ¢y = k, we have k = ¢y = ¢ = —1.
Finally, we look at the coefficients of 0s.
1 1 5
= 5(Oa)aisb + 52 (0 ) — o (0a)an(0P), (6.11)
= k1(0a)afsd,] + ka(0) 5, (0ufs)) o + 3ka(0afz)) gy (0) (6.12)
From the Appendix (A.14), we have
1 1
(0a)atsdy] = @(Ua[zl)ﬁv(am)cf + %(0[3])%(%[3])3 (6.13)
Thus, we obtain
(ke ) | 2 @) (0)F + = (08) 5 (0am). (6.14)
2) 32 T 06 K «
1 5
— (e 57 ) @l + (ka4 64) <aa[2]>m<o—[21>£ (6.15
1 LAWHE 3 2]y
— —]{31% — k?g —+ % ( )57<0'a[3]) 3/{32 -+ ﬁ + /{31 32 (Ja[g})ﬂv(U )a (616)

Recall that (o8)s, (0ap)d and (04))s,(c).0 are linearly independent. Thus, their coefficients
must be equal to zero. The LHS gives 96k; + k1 = 1, but the RHS gives 96ks + k1 = —3. This is a
contradiction. Therefore, Vk € C : [Qu, K] # k(04)apS? B(I

We have shown that superconformal vector fields does not exist in 10D.
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7 Discussion and Conclusion

Our result actually agrees with the mathematical analysis of Shnider (1988, 4) which states that

superconformal algebra does not exist in even dimensions d > 6. Notice that the proof we presented
in the previous section actually relies on some Fierz identities listed in the Appendix. This suggests
that these identities are actually determined by the dimension of spacetime in an interesting way
such that the superalgebra will not exist in odd dimensions.
Further calculations seem to imply that a more general expression of S* under fewer restrictive
assumptions still fails to satisfy {S¢, S?} = k(c%)*’K,. For instance, we claim that any fermionic
vector field S with units of v/z will not satisfy {5, S#} = k(0%)*’K,. Since the essence of the
problem is already presented in the previous sections, we will not include the details of other proofs
for the non-existence of superconformal vector fields here.

A Appendix
Here are some 10D Fierz identities.
5) 1
(0 )eis(0) = o5 (0 () — 5 ) () (A1)
a\ (a « a 1 a4\« a\o
(0115%) (o) = ~3(00)" (01,0 + 5 (o) o3g),? — 45(0)5 (A2)
a a 1 a «
() (o) gy = —5(o)ss(o ), (A.3)
a o 1 a a
(") (1) = S (01)* (o) (A4)
(O'cdea'ab)wo4 = 277c[b(0'a]ale)aﬁ - 27]d[b(0'a]ce)a5 + 2ne[b<0'a]cd)aﬁ (A5>
(O—aba—cde)[aﬁ] = 2nc[a(0b]de)ﬁa - 2nd[a(0b]ce)ﬂa + 2ne[a<o_b]cd)ﬁa (A6)
a ] abc 3 abc « a\o C 3 ab\a c
(0310abe), (0PN = 3(04)* (o), + 5(0 BB (opy),0 = 9(0)*P (o) 7 — 5(0[3” (o ][3}%6
(A7)
a e 1 af, a
(0PN gy (0125 = —5(om)g' (o )6 (A.8)
1
(0 Mata (o115 = =50 51(713))as (A.9)
[Uab7 Ucd] = _4nb[cgd]a + 4na[cgd]b (AlO)
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(0¢)afp (0™ ) s = g(aabc)ﬂw(ac)aa - Z(UCd[a)m(U ed)as — @(0[3})%(0@[3])@ (A.11)
al2] b _ Z abc . l ab[3] o 1 al2] b . 1 b[2] a
(o )a[ﬂ(a [2])7]6 = 4(‘7 )7 (0c)as 24<‘7[3])Bv(‘7 )as 4(‘7 )sy (0 [2]>a5 4(‘7 )sy (0 [2})045
(A.12)
a 21 aoc 3 a b 3 a
(0" g (0315 = =7 (0")py(0c)as + (05 (0 ty)as = 5(@3)5:(0")as (A.13)
()i’ = (058,84 <=(0") 3, (0).d + 25 (0ua)r (D)5 + 2= (0) 5, (0 + () (1),
v 16 T 16 7 @ 32 K @ 96 K « 384 K «
Aa14) |
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