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Program:
Summer Student Theoretical physics Research Session
(SSTPRS)

I Took place in June
and last for a month.

I Mostly with US
undergraduate
students.

About the program

Learn some knowledge before doing research:
Group theory, Lie algebra, Tensor analysis, Riemann geometry,
Supermultiplets



Research

Topic: Exploring the relation between Lie algebra, Supersymmetry,
and Adindra

I Lie algebra

I Supermultiplets,

I Adinkra



Lie algebra: Special unitary group SU(2)

SU(n) Group: n × n unitary matrices with determinant 1.

su(2): Number of states: Nsu(2) = 2j + 1

Pauli matrices (j = 1
2):

Take (12σi ) to be the generators:
Lie algebra:
[(12σi ), (

1
2σj)] = iεijk(12σk)

Weight space

The eigenvalues of 1
2σ3 form a weight space:

Figure 1: Weight space of su(2):



Lie algebra: Special unitary group SU(3)

SU(3): Number of states given by Weyl dimension formula:
Nsu(3) = 1

2(p + 1)(q + 1)(p + q + 2)

Gell-Mann matrices (p=1,q=0):

Let 1
2λi to be the generators:

Lie algbra: [(12λi ), (
1
2λj)] = ifijk(12λk)



Lie algebra: Special unitary group SU(3)

Weight space
Commuting matrices:

(12λ3) |u〉 = 1
2 |u〉

(12λ8) |u〉 = 1
2
√
3
|u〉

A pair of eigenvalues:
(12 ,

1
2
√
3

)

Figure 2: Weight space p=1,
q=0



Lie algebra: Special unitary group SU(3)

Figure 3: p=1, q=1

Figure 4: p=3, q=0



Minimal On-shell Supermultiplets of 4D N=1

Da: Supercovariant derivative: Bosons←→ Fermions

Figure 5: Supermultiplets: Chiral, Vector, Tensor



A tetrahedral appears
Supersymmetry algebra:{Da,Db}
Define holoraumy tensor:[Da,Db]Fc ≡ [Hµ(R)]abc

d(∂µFd),
where F is the fermionic field.

For 4D, N=1 minimal supermultiplets:



0-brane reduction: Only time dependent

Figure 6: Lorentz transformation to the time axis



0-brane reduction: Adinkra
Example: Chiral Supermultipet

Figure 7: Transformation law after 0 brane reduction



Projects currently working on

I Examination of Holoraumy Tensors for 4D, N = 1 On-shell
Supermultiplets (Matter-Gravitino, Supergravity)

I SU(3) anticommutators

I Deformed adinkras

I Casimir project



Project: Deformed Adinkras

Supersymmetry algebra in 4D: {Da,Db} = i2(γµ)ab∂µ
becomes Garden algebra after reduction:

(1) Odd number of dashed lines. (2) 12 cycles in total.



Project: Deformed Adinkras

Define fermionic holoraumy matrices:
ṼIJ = 1

2(LtILJ − LtJLI )
Define a dot product (Gadget value) between different adinkras:

G : A×A → Q : (R,R ′) 7→ −1
4

∑
I ,J Tr [(Ṽ

(R)
IJ )Ṽ

(R′)
IJ )]

Do dot product between any two adinkras (36,864 in total):



Project: Deformed Adinkras

1 odd-dashed cycles.png



Project: Deformed Adinkras

2 odd-dashed cycles.png



Project: Deformed Adinkras

3 odd-dashed cycles.png



Project: Deformed Adinkras

4 odd-dashed cycles.png



Project: Deformed Adinkras

5 odd-dashed cycles.png



Project: Deformed Adinkras

6 odd-dashed cycles.png



Project: Deformed Adinkras

7 odd-dashed cycles.png



Project: Deformed Adinkras

8 odd-dashed cycles.png



Project: Deformed Adinkras

10 odd-dashed cycles.png



Project: Deformed Adinkras

12 odd-dashed cycles.png



Project: Casimir project

su(3) algebra:

I Algebra:
[λi , λj ] = ifijkλk

I Analogy of Holoraumy?:
{λi , λj}

I Gadget value?

Tr({λ(R)
i , λ

(R)
j }{λ

(R′)
j , λ

(R′)
i })

Supersymmetry algebra:

I Algebra:
{Da,Db} = i2(γµ)ab∂µ

I holoraumy tensor:
[Da,Db]Fc ≡
[Hµ(R)]abc

d(∂µFd)

I Gadget value:
inner product between
holoraumy tensors



Project: Casimir project

Gadgets:

G1(R,R ′) = Tr({λ(R)
i , λ

(R)
j }{λ

(R′)
j , λ

(R′)
i })

=
1

18
(p + 1)(q + 1)(p + q + 2)

(
p2 + pq + 3p + q2 + 3q(

4p2 + 4pq + 12p + 4q2 + 12q − 9
)

= d C2 (4C2 − 3)

where d is the Weyl dimension formula:

d =
1

2
(p + 1)(q + 1)(p + q + 2)

and

C2 =
1

3
(p2 + q2 + pq + 3p + 3q)

is the eigenvalue of the quadratic casimir operator of su(3).



Project: Casimir project
Gadget value in su(3):

Tr({λ(R)
i , λ

(R)
j }{λ

(R′)
j , λ

(R′)
i })



Project: Casimir project

Gadget value in su(3):

Tr({λ(R)
i , λ

(R)
j }{λ

(R′)
j , λ

(R′)
i })

We also found that G2,G3,G4 are all
poportional to the polynomial of C2.
Starting from G5, no more polynomial
of C2 can be found.

Ĉ2 = λiλi

Ĉ3 = dijkλiλjλk

Analytically derivation:
λi ...λj ...λj ...λi ... ∝ Identity matrix, using commutator relation to
swap the order.



What to do next

I Check the fermonic holoraumy matrices of MGM and SG
supermultiplet belong to what group.

I Investigate the relation between the gadget value and the
dashed cycle condition.

I Find the explicit formula for the eigenvalues of the possible
”new” casimir operator.
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